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SIMPLE CLOSED GEODESICS ON PINCHED SPHERES

WILHELM KLINGENBERG

Let M be a compact simply connected r-dimensional riemannian mani-
fold. If the values of the sectional curvature K of M satisfy the condition
min K : max K > 1/4 then M is homeomorphic to the n-sphere S7. We there-
fore call such a manifold a pinched sphere. Cf. [1], [3] for the proof of this
so-called sphere theorem, and [2] for a complete exposition.

By multiplying the riemannian metric of such a manifold M with an ap-
propriate positive constant we obtain a manifold for which the relation

() 1/4<e<K<1

holds. That is to say, such a manifold is curved stronger than the sphere
S7(4) of constant curvature 1/4 and curved less strongly than the unit sphere
S§» = $»(1). This raises the problem of existence, on such a manifold, of
simple closed geodesics of length between 2z and 4x, the length of the great
circles on S*(1) and $%(4) respectively. The example of the n-dimensional
ellipsoid with pairwise different axes suggests that there may be, but not
more than, n(n 4+ 1)/2 such closed geodesics on a manifold M satisfying ().

In the present paper we shall first prove the following

Theorem 1. On a compact simply connected n-dimensional riemannian
manifold M satisfying (*) there exist at least n simple closed geodesics with
length in [2r, 27/ % 1.

To formulate our next result, for each integer n > 2 we define the integer
gln) as 2n — s(n) — 1 with s(n) = n — 2%, 0 < s(n) < 2*. Note that for
n = 2* — 1 we have s(n) = (n — 1)/2 and hence g(n) > (3n — 1)/2.

Theorem 2. Let M be a compact simply connected n-dimensional rieman-

nian manifold satisfying (x) with g(~0.64) as the solution of 2 sin il

3
N
= 1. Then on M there exist g(n) simple closed geodesics of length in [2x, 4zl.

If £(~0.46) is the solution of 2| sin 27_ = 1, then there exist at least
N E
gln — 1) such geodesics on M.
Suppose that on M the closed geodesics of length < 4r are not isolated or
are non-degenerate. If (x) holds with g ~0.64, then on M there exist exactly
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n(n + 1)/2 simple closed geodesics of length in [2r, 4zl; if (x) holds with
k~0.46, then there are at least (n — 1)n/2 such geodesics on M.

Remark. We certainly have not obtained the best lower bounds for « in
our theorem. In particular, using more delicate arguments, it is possible to
show the existence of g(n) simple closed geodesics on a manifold M satisfying
(x) with £~0.46.

However, we want to stress that Theorem 2 does establish, for the first
time, the existence of several simple or prime (i.e., not covered) closed
geodesics on a manifold M which is homeomorphic to the sphere $*(n > 2)
satisfying certain metric restrictions. In particular, the results of Morse
(1934), Lyusternik (1947) and Alber (1957) (cf. [4] for precise references)
do not imply the existence of more than one prime closed geodesic on such a
manifold M, even under the hypothesis that there exists a homeomorphism
h: S — M satisfying the so-called Morse condition. The reason for this is
that these authors do not exclude the possibility that all the closed geodesics
constructed in their papers are merely different coverings of the same under-
lying prime closed geodesic.

Only in the case that M is homeomorphic to S%, Lusternik and Schnirel-
mann showed in 1929 the existence of 3 simple closed geodesics, but did not
discuss, however, the length of these geodesics in the case that the gaussian
curvature on M satisfles a restriction of the type (). It should also be men-
tioned that Fet in 1965 showed the existence of at least 2 prime geodesics on
any compact riemannian manifold provided all the closed geodesics on M are
non-degenerate. Using quite delicate geometric arguments, the present author
was recently able to show the existence of g(n) simple closed geodesics on a
manifold M homemorphic to S* without making any assumptions on the
metric or the curvature of M.

Going back to the theorems of the present paper, we want to give an out-
line of the methods employed in their proofs. In the first place, we construct
closed geodesics on a compact riemannian manifold M by the classical meth-
ods of using the homology of the space [7(M) of unparametrized closed
curves on M modulo the subspace [7%(M) of the trivial closed curves (= point
curves). We refer to our paper [4] for 2 modern and detailed version of this
theory.

Since in our case M is homemorphic to the sphere $*, we know moreover
that there exists a map A.: (I'(S%), I'%(S*)) — (II(M), II°(M)) of the space
I'(S*) of the circles on S, which is considered as a subspace of II(S?)
modulo the subspace I°(S?) of the point circles. The important fact is that
this map is injective in Z,-homology and therefore gives us n(n + 1)/2
= dim H*(I"(8*), I"°(S™)) non-homologous cycles in I'(M) mod I"(M).

Secondly, we use a great deal of information about simply connected com-
pact riemannian manifolds M satisfying (), which leads to the proof of the
sphere theorem. In particular, we use in an essential manner the fact that on
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such a manifold M every non-trivial geodesic loop has length at least 2z.

By linking together the above information we construct a homeomorphism
h:85* — M with M satisfying the hypothesis of the theorems, which carries
circles into curves of length < 4xz.

1. We recollect the basic facts on the construction of closed geodesics on
a compact riemannian manifold M homemorphic to S». For a detailed exposi-
tion we refer to [4].

First of all, for any compact riemannian manifold M we have the space
A(M) of parametrized closed curves. A(M) is a Hilbert manifold, and the
riemannian metric on M induces on A(M) a riemannian metric and a differ-
entiable function, the energy integral E. The orthogonal group O(2) oper-
ates continuously on A(M), the orbit of an element f = (f(¥)), t € $* = [0, 1]/
{0, 1}, being formed by the curves (f(+ t + ¢)), ce S, te S Let n: AM)
— [I(M)=A(M) [ 0(2) be the quotient map, where II(M) is called the space
of unparametrized closed curves on M. Since the O(2)-action on A(M) is
compatible with the riemannian metric and the function £ on A(M), these
objects are also defined on /(M) although /7(M) is not a manifold.

For ¢ > 0, we denote by I7°~(M) the set of g ¢ II(M) with E(g) < c.

Consider now, in particular, the sphere S* of constant curvature. Then
1I(S") contains the subspace I'(S®) of the circles on S* with ["%(§%) = I"(S?)
N II°(S*), the subspace of point circles, isomorphic to S”. An important fact
is that the inclusion (I"($7), I"°(§%)) — (II(§7), I1°%(S*)) induces an injective
homomorphism in Z,-homology, carrying subordinated homology classes into
themselves. Here, if z’ and z are non-trivial homology classes of I7(M) mod
II'(M) and there exists a cohomology class ¢ in [I(M) — II°(M) with
Z =2z ¢ then z’ is said to be subordinated to z. Here we make use of the
pairing by the cap product of H (II(M), II"(M)) x H*(II(M) — II°(M)) into
H, (II(M), II"(M)) (ct. [4]).

H, (I'(S™), I"°(S*)) has dimension n(n + 1)/2, and g(n) of the homology
classes are pairwise subordinated.

Let now M be homeomorphic to S*. Then there exists a homeomorphism
h: 8% — M such that fe A(S*) implies 2o fe A(M), and the map h,: A(S?)
— A(M) so defined is differentiable. Let A, : II(S*) — II(M) be the induced
map on the quotient space. Then A, = h,|I"(S™) : (I"(§™), °(S™) — (I(M),
II°(M)) carries n(n + 1)/2 pairwise non-homologous cycles in the space of
circles into such cycles of I7(M) mod II°(M), among which g(n) are pairwise
subordinated.

If ¢* > 0 such that A.(I"(S?) c II**-(M), then the critical number c¢(z)
of each of the homology classes z represented by one of the cycles coming
from the space of the circles on S” is less than ¢*, i.e., there exists a closed
geodesic of length 42¢(z) < 42c*.

2. Consider a compact riemannian manifold M satisfying (*). Then the
following holds (cf. [2]):
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The maximal distance d(q,, g,) between two points of M is < rx/x < 2rm;
if the upper bound of d(g,, g,) is attained then M is isometric to the sphere
S(x) of constant curvature £. Moreover, for every point g ¢ M, the restriction
of the exponential map exp,: M, — M to the open disc D,(g) of radius =
around the origin g of M, is an injective differentiable map. This is equiva-
lent essentially to the fact that every non-trivial geodesic loop on M has
length > 2r.

Let now g,, g, be two points on M with maximal distance. Then define on
M the subsets (which may be called half-M’s with respect to (g, 4,))

HM(q,) = {ge M|d(q, q,) <d(q, q)) ,
HM(q,) = {qe M|d(q, q) <d(q, q,)) ,

and call EM(q,, q;) = HM(q,) N HM(q,) the equator of M with respect to

(90> @1)-
HM(q,) and HM(q,) belong to exp, (D.(q,) and exp,,(D.(q,), respectively.

The counter images in M, and M, , respectively,

A7(qy) = (exp,,| D.(q)*HM(qy) , 47(g,) = (exp,,|D.(g,)*HM(g,)

have the property that every ray, starting from the origin g, (resp. g,), meets
3nY(g,) = 84~(q,) (resp. 3"~ = 347(q,)) at precisely one point.

The 27"*(q,) and 2»~%(q,) are differentiably embedded (n — 1)-spheres in
M, and M, respectively. We now define the diffeomorphism

96, S;L/Tzl(%) — 2"1(qy,)

of the sphere of radius = /2 and center g, in M, onto 3""*(g,) by associating
with a point on this sphere the point at which the ray through the former
point meets 3""*(q,). By extending 95, linearly to the interior D?.(g,) of
S754q,) we obtain the diffeomorphism

Go: D—:/z(QO) i Zn(Qo) -

We now use these constructions to define a homeomorphism %: S* — M.
"First of all, we choose in S a pair (p,, p,) of diametral points, and denote by
HS*(p,) and HS*(p,) the halfspheres with centers p, and p,, respectively.
ES™(p,, p,) = HS*(p,) N HS*(p,) is the equator of $* with respect to (p,, p,).
Moreover, we fix an isometry i = i, : S}, — M, of the tangent space of S” at
p, onto the tangent space of M at g,. We then define

gy = Gyoi: 5?/2(170) - Zn(qo) >

and the diffeomorphism
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hy = €xpg, o 0y o (€XP,, | DH(p)) ™' : HS™(p,) — HM(q,) .
Since the equator EM(q,, ¢,) also belongs to exp,,(D%(qg,)), we can define
b0, = (exp,, | D.(g) ™ o hy o €xp,,: STRMp) C 87, — 27U gq) CM,,,

which is a diffeomorphism. Let

Oy E?/Z(pl) - Zn(ql)

be the linear extension of do,. Note that ¢, is 2 homeomorphism, but in gen-
eral it will be a diffeomorphism only on D?.(p,) — p,. We then define

h, = exp,, © ¢, o (exp,, | DXp))~*: HS™(p) — HM(q) .

Since h,|0 HS™(p,) = h,|0 HS*(p,), h, and h, together define the desired ho-
meomorphism z: S* — M, which is differentiable outside of ES*(p,, p,) U{p.}.
The image of a half great circle from p, to p, will consist of a once-broken
geodesic of length < 7/« with the corner in the middle on EM(q,, ¢,). It is
possible to modify 4 in such a manner that these corners are being smoothed
out; however, in general it may not be possible to make 7 smooth also at the
point p,. Note that & induces a map from S2 onto M,, which is linear and

a3’
bijective on each ray starting at p, but not necessarily linear on all of S7 , and

i
that there will be an obstruction to smooth out this map whenever M is not
diffeomorphic to S=.

3. We can now prove Theorem 1. First of all, we recall from [4] that the
space I'(S*) — I"%(S™) of non-trivial circles on S* can be viewed as the total
space of a bundle y of open (n— 1)-discs over the space 4(S?) of great circles
on S» by mapping each circle onto its parallel great circle. 4(S*) is isomorphic
to the Grassmann manifold G(2, n—1) of 2-planes in R*** and y is the disc
bundle of the canonical (n— 1)-bundle y2~* over G(2, n—1). With ["°(S?) de-
noting the subspace of I'(S*) formed by the trivial (or point) circles it follows
that I"(S?) mod I™°(S*) can be interpreted as the Thom space of y»-1.

Let now p,, p, be a pair of diametral points on S* as in §2. The set of
great circles on S®, which pass through p, and p,, forms a (n — 1)-cycle x,,_,
of 4(57), and x,,_, is dual to the (n — 1)-th power of the 1-dimensional gener-
ator of the cohomology ring of 4(S*) = G(2, n — 1). Therefore, the subset
Yen_s Of I'(S?) formed by the circles parallel to a great circle belonging to
X,_, is modulo the subspace of point circles a (2n — 2)-cycle y,,_, which con-
tains (n — 1) cycles ¥, 4, ¥» -+ -5 Yon_s such that the »n cycles y,, n— 1< §
< 2n — 2, are pairwise subordinated.

Consider now ['(S”*) as subset of /7(§*). Then the y, form n pairwise sub-
ordinated cycles of I'(S") mod ["(S*). We replace the y;, by homologous
cycles ¥; as follows: Each non-trivial circle of y,,_, meets the equator
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ES*(p,, py) at exactly two points. Replace the circle by the closed curve
formed by the two half great circles going from p, to p, and passing through
these two points. Replace a point circle of y,,_,, which necessarily belongs to
ES™(p,, p,), by the closed curve formed by the half great circle from p, to p,,
which passes through the point curve and goes back to p, in the same way.
Finally, join this curve to the point circle by a 1-parameter family of closed
curves which consist of arcs of this half great circle, run through back and
forth, and shrink towards the point circle.

If we replace, for each i, the circles in y; by the closed curves just de-
scribed, we obtain the cycles ¥;, homologous to y;. Consider now the map
h:S8* — M of §2. Then the induced map h,, carries each closed curve of 3,,_,
into a closed curve of length < 2z/)% , and we can introduce simultaneously
on the elements of /; o ¥,,_, a parameter proportional to the arc length by a
homotopy in I7(M). Hence, we can assume that A, o y,,_, consists entirely of
curves having E-value < 27/ < 8z

From §1 now follows the existence of » non-trivial closed geodesics of E-
value < 2%/, i.e., of length < 2n/%k < 4z. However such a geodesic is
necessarily simple since every non-trivial geodesic loop on M has length > 27.

4. For the proof of Theorem 2 we need an upper bound for the stretch-
ing of the length of a circle b of S* under the map A: S* — M constructed in
§2. For this purpose we prove the

Proposition. Let v be a tangent vector at a point p’ € HS*(p,) or tangent
to one of the geodesic arcs of length /2 from p, to the equator ES™(p,, p,).
Then for the length |h,v| we have the relation

(i) RIESEIV A

If v is a tangent vector at a point p’ € HS*(p,) — {p.} then

By < v sin(r/ 7))/ (47 sin 7 sin—z;%_)

(ii)

S]v|/(;:sin2n )

3

where r = d (D', p,)-

For the proof of this Proposition we cover S* with two normal coordinate
systems based at p, and p,, respectively. The line element of S is then given
by ds* = dr* + sin’r d¢*, where d¢* is the line element of the unit sphere in
either S7, or S%,.

Since the geodesic segments of length n/2 from p, to a point p € ES™(p,, p,)
are stretched by at most 1/.J% we have in this case h, dr < dr/J%x .

Consider now the geodesic segment ¢,: 0< 7 < /2, 6 = ¢, from p, to a
point p ¢ ES™(p,, p,). Then sinr dg can be considered as a normalized Jacobi
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field (Y(r)), 0<r <=/2, along g,, i.e., Y(O) = 0 and DY (O)/dr = 1. The
image &, sinrdg¢ then will be a normalized Jacobi field (Y(r)), 0 < =/ (2J%,)
< #/(2]¢) along the image segment ¢ = kg, of length =/(2Jx,). Since the
sectional curvature K along ¢ is bounded from below by &, the comparison
theorem of Rauch [5] (cf. [2] for a complete proof) gives |Y(r)| < |Y,(r)],
0<r<n/(2{k), where (Y,(r)) is the normalized Jacobi field (1//%)
sin (r,[ ) in the sphere $”(x). That is to say, we have

|hysinrdg| < (1/07) |sin (7 [JR)dg| < (1/7) |sin 7 dg],

which is (i).

It remains to consider the image A, sin r d¢ of a normalized Jacobi field
sin r d¢ along the segment ¢,: 0 < 7 < 7/2, ¢ = ¢, of length »/2 from p, to
a point p € ES*(p,, p,). Let n/(2Jk,) be the length of the image segment
o= hoy, with /2 < z/(2J5,) < x/Q2J¥) < =. hsinrdg is again a Jacobi
field (Y(r/Jx,)), 0 < r < =n/2, along ¢, but it is not necessarily normalized.

However, we know that ‘Y( il }

~—}| < 1/Jx. We consider now the Jacobi
2~] Ko

field

Yo/ (7)) = (sin (r/ﬁ)dgs/(ﬁ sin 2?_‘)} , 0<r<z/2,
NE
on S$*(1) along a geodesic segment of length z/2) k¥ < . From the proof of
Rauch’s comparison theorem in [2] one knows that, since the sectional cur-
vature K along ¢ satisfies K < 1, the function o(r) = Y (r/|%)|/ | Y, (r/{x)]
is monotonely increasing with r in the interval [0, z/2]. Since p(z/2) < 1 it
follows that

lhev | =Y (r/ o) | Y o(r/ (D]
= [sin (r/(;)/(ﬁsinr smL_)]ismrdgs],
2]k
which is (ii).
5. We can now prove Theorem 2. There is a well determined solution

£~0.64 of 2k sin —~

= 1. We fix ¢ in this manner and consider the map

NE

h: S — M constructed in § 2. From §4 it now follows that each circle of S» is
carried under 4 into a curve having length < 4z; actually the length of the
image of a circle is < 4z. This is true if the circle is not a great circle; if it
is a great circle it belongs with at least a half great circle to the half sphere
HS™(p,) on which the stretching of a tangent vector is bounded by 1/]x < 2.
We consider now the induced map A,: I'(S?) — II(M). We can modify 4,
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in such a manner that the parameterization on the image circles is propor-
tional to the arc length. By keeping the same notations, we therefore can as-
sume 2(I'(S?)) < I[I¢"- (M) with ¢* = 8z°. From §1 we then have the existence
of g(n) different closed geodesics of positive E-value < 8z?% i.e., of length
< 4z. But such geodesics must be simple and of length > 2r.

T

Assume now that «# ~ 0.46 is the solution of the equation 2/« sin 5=
NE
= 1. Consider a circle b on HS™(p,) parallel to the equator ES*(p,, p,) and
having distance sin r from p,, measured on S*. Such a circle has length 2z

sin r. From (ii) it follows that the length of the image of b under % is bounded

K
This is clear for r < z/2; for r = z/2, the circle b lies on HS*(p,) and then
we can apply (1).

If we denote by I"(S*~?) the subspace of I'(S*) formed by the circles paral-
lel to ES™(p,, p,) we can assume that A.(I"(S*~Y)) c II°"- (M) with ¢* = 8&z*.
Thus we have the existence of g(n — 1) simple closed geodesics on M with
length in [27, 4x[.

Assume finally that the non-trivial geodesics on M with length in [2r, 4x[
are not isolated or are non-degenerate. In the first case there then are infinitely
many simple closed geodesics with length in [27, 4z[. In the second case we
deduce from the Morse theory that two linearly independent homology
classes z, and z, of II(M) mod /7%(M) having the property that the critical
points (=closed geodesics) g(z,) and g(z,) of E-values ¢(z;) and ¢(z,), respec-
tively, at which these homology classes remain hanging (cf. § 1), are prime
can be assumed to be different. Since dim H,.(I"(S™), I'(S*) = n(n + 1)/2,
under our assumption and with £ ~ 0.64 there are n(n 4+ 1)/2 simple closed
geodesics on M with length in [2z, 4z[. Similarly, we get (n — 1)r/2 such
geodesics if we assume & ~ 0.46.

by 2z sin (r/Jx)/ (\!7 sin 2,7 >§ 4r; actually the length is even < 4x.
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